Introduction {#Sec1}
============

Trees play a central role in systematic biology, and other areas of classification, such as linguistics. It is often assumed that such a tree *T* has a labelled leaf set *X*, that all vertices have degree 1 or at least three, and that there is an assignment of a positive real-valued length to each edge of *T*.

A classical and important result from the 1960s and 1970s asserts that any such tree *T* with edge lengths is uniquely determined from the induced leaf-to-leaf distances between each pair of elements of *X*. This result is the basis of widely-used methods for inferring trees from distance data, such as the popular 'Neighbor-Joining' algorithm (Saitou and Nei [@CR7]). Moreover, when *T* is binary (each non-leaf vertex has degree 3) then we do not require distance values for all of the $\documentclass[12pt]{minimal}
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                \begin{document}$$2n-3$$\end{document}$ carefully selected pairs of leaves suffice to determine *T* and its edge lengths \[see Guénoche et al. ([@CR3]); more recent results appear in Dress et al. ([@CR2]), motivated by the irregular distribution of genes across species in biological data\].
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                \begin{document}$$2n- 3$$\end{document}$ cannot be made any smaller, since a binary unrooted tree with *n* leaves has $\documentclass[12pt]{minimal}
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                \begin{document}$$2n-3$$\end{document}$ edge lengths (so, by linear algebra, these values cannot be uniquely determined by fewer than $\documentclass[12pt]{minimal}
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There is a particularly natural way to select a subset of $\documentclass[12pt]{minimal}
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                \begin{document}$$\left( {\begin{array}{c}X\\ 2\end{array}}\right) $$\end{document}$ for *T* when *T* is binary. Since each non-leaf vertex is incident with three subtrees of *T*, let us (i) select a leaf from each subtree, (ii) consider the three pairs of leaves we can form from this triple, and then (iii) take the union of these sets of pairs over all non-leaf vertices of *T*. This process produces a 'triplet cover' of *T* (defined more precisely below).

A triplet cover need not be of this minimum size (i.e. of size $\documentclass[12pt]{minimal}
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                \begin{document}$$2n-3$$\end{document}$) but in this paper we characterize when it is. Also, we show that in that case the resulting triplet cover is 'shellable' which implies that the inter-leaf distances defined on these pairs uniquely determine the tree and its edge lengths. These, and other results obtained along the way complement recent work into phylogenetic 'lasso' sets (Dress et al. [@CR2]; Huber and Steel [@CR4]), as well as a Hall-type characterization of the median function on trees in Dress and Steel ([@CR1]).

We begin with some definitions.

Definitions {#Sec2}
-----------
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                \begin{document}$$|X| \ge 3$$\end{document}$. We denote elements in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X \atopwithdelims ()2$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$${X\atopwithdelims ()3}$$\end{document}$ as *triples*.

A *(binary) phylogenetic* *X*-*tree* is an unrooted tree $\documentclass[12pt]{minimal}
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                \begin{document}$$T=(V,E)$$\end{document}$ which has leaf set *X*, and for which each non-leaf vertex is unlabelled and of degree three. We let *B*(*X*) denote the set of binary phylogenetic *X*-trees (two such trees are regarded as equivalent if there is a graph isomorphism between them that maps leaf *x* in one tree to leaf *x* in the other tree, for all $\documentclass[12pt]{minimal}
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                \begin{document}$$x \in X$$\end{document}$). In evolutionary biology, the set *X* usually corresponds to some collection of species or taxa.

Note that a phylogenetic *X*-tree *T* must contain at least one *cherry* $\documentclass[12pt]{minimal}
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                \begin{document}$$T \in B(X)$$\end{document}$ has at least two cherries that are vertex disjoint from each other; if *T* has exactly two cherries we say it is a *caterpillar* tree \[every tree in *B*(*X*) is a caterpillar when $\documentclass[12pt]{minimal}
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                \begin{document}$$T \in B(X)$$\end{document}$ is a *quartet*, and if the two cherries of this tree are (say) $\documentclass[12pt]{minimal}
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                \begin{document}$$\{c,d\}$$\end{document}$ then we denote *T* by *ab*\|*cd*.
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                \begin{document}$$X=\{a,b,c,d,e\}$$\end{document}$; **ii** vertex *v* is supported by the triple *bce* (the *dashed lines* show the edge-disjoint paths from *v* to these three leaves); **iii** the cover graph $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {T}$$\end{document}$ obtained by taking all pairs from the triple *bce* that supports *v* and from the triples *abc* and *cde* that support vertices *u* and *w*, respectively. This triplet cover is minimal, and since its size is 7 ($\documentclass[12pt]{minimal}
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                \begin{document}$$n=|X|$$\end{document}$) it is also a minimum triplet cover for the tree (by Proposition [3](#FPar10){ref-type="sec"})
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                \begin{document}$$T=(V,E) \in B(X)$$\end{document}$. We say that a triple in $\documentclass[12pt]{minimal}
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                \begin{document}$$a,b,c \in X$$\end{document}$, one from each connected component of the graph obtained by removing *v* and its incident edges from *T*, such that $\documentclass[12pt]{minimal}
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                \begin{document}$$ab, ac, bc \in \mathcal {T}$$\end{document}$. We call a subset $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {T}\subseteq {X \atopwithdelims ()2}$$\end{document}$ a *triplet cover* for *T* if for each vertex $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {T}$$\end{document}$). Note that $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {T}\subseteq {X \atopwithdelims ()2}$$\end{document}$, we define the *cover graph* $\documentclass[12pt]{minimal}
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We illustrate these concepts in Fig. [1](#Fig1){ref-type="fig"}. For the binary phylogenetic *X*-tree in Fig. [1](#Fig1){ref-type="fig"}i (with $\documentclass[12pt]{minimal}
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                \begin{document}$$X=\{a, \ldots , e\}$$\end{document}$) the vertex *v* (in Fig. [1](#Fig1){ref-type="fig"}ii) is supported by the triple *bce* (there are three other triples that support *v*). If *u* is supported by, say, *abc* and *w* by *cde* then we obtain the triplet cover$$\documentclass[12pt]{minimal}
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                \begin{document}$$\Gamma (\mathcal {T})$$\end{document}$ is shown in Fig [1](#Fig1){ref-type="fig"}iii.
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                \begin{document}$$\mathcal {T}'$$\end{document}$ for *T*.These two concepts are different; there exist minimal triplet covers that are not minimum (we describe an example in the final section).

Note that it can be shown that any minimum triplet cover on *X* must have cardinality $\documentclass[12pt]{minimal}
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                \begin{document}$$2|X|-3$$\end{document}$ \[by applying Theorem 1 and Proposition 1 of Dress et al. ([@CR2])\]. Moreover, there are various ways to construct triplet covers that are minimum \[for example, 'pointed covers' (Dress et al. [@CR2], Theorem 7) and 'stable triplet covers' (Huber and Steel [@CR4], Theorem 1)\].

Outline of main results {#Sec3}
-----------------------

In this paper, we prove a structural result concerning minimum triplet covers. Namely, we prove that a set $\documentclass[12pt]{minimal}
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                \begin{document}$$\Gamma (\mathcal {T}) = (X,\mathcal {T})$$\end{document}$ is a 2-tree (see Theorem [1](#FPar12){ref-type="sec"} and Sect. [5](#Sec7){ref-type="sec"} for the definition of a 2-tree).

Using the concepts that we develop to prove this result, we also give an independent proof \[that does not require the notion of phylogenetic 'lassos' from Dress et al. ([@CR2])\] that any minimum triplet cover on *X* must have cardinality $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {T}$$\end{document}$ is a minimum triplet cover for *T* then it is shellable for *T* (Proposition [4](#FPar15){ref-type="sec"}).

This corollary has two important implications. First it implies \[from results in Dress et al. ([@CR2])\] that if $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {T}$$\end{document}$ is a minimum triplet cover for *T*, then *T* (together with its edge lengths) can be uniquely reconstructed from the tree metric restricted to the pairs in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {T}$$\end{document}$. Note that this can also be deduced from results in Leclerc and Makarenkov ([@CR5]) that relate 2-trees and tree metrics \[see also Guénoche et al. ([@CR3])\].

Second, the corollary gives an independent proof of Dress et al. ([@CR2]), Theorem 7 and Huber and Steel ([@CR4]), Theorem 1 which state that pointed triplet covers and stable triplet covers are shellable, respectively.

The support graph {#Sec4}
=================

In this section we introduce a graph that can be associated to a triplet cover of a tree. Properties of this graph will be used to help prove our results later on. We begin with some further definitions.
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We now show that any minimal triplet cover of a tree in *B*(*X*) has a size that grows linear with \|*X*\|.

Corollary 1 {#FPar4}
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Proof {#FPar5}
-----
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Multiplicities {#Sec5}
==============

In this section we derive some bounds for degrees of vertices in the cover graph of a triplet cover. Suppose that $\documentclass[12pt]{minimal}
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The following observation relating multiplicities with degrees will be useful later.

Lemma 2 {#FPar6}
-------
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We now derive some bounds for multiplicities of minimal and minimum triplet covers.
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A lower bound {#Sec6}
=============

In this section, we show that a minimum triplet cover of a tree $\documentclass[12pt]{minimal}
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A characterization of minimum triplet covers {#Sec7}
============================================

In this section, we prove our main result, namely a characterization of minimum triplet covers in terms of the structure of their cover graphs. First, we recall that a graph $\documentclass[12pt]{minimal}
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-----
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The next result follows immediately from the last theorem and the fact that any 2-tree has at least two vertices with degree 2 \[see e.g. Leclerc and Makarenkov ([@CR5]), p. 227\]. It improves on the bound given in Proposition [2](#FPar8){ref-type="sec"} (M2).

Corollary 2 {#FPar14}
-----------
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We now gather together some facts concerning the shellability of triplet covers, including shellability of minimum triplet covers.

Proposition 4 {#FPar15}
-------------

Suppose that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T\in B(X)$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\in X$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {T}$$\end{document}$ is a triplet cover of *T* such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {T}^{-x}$$\end{document}$ is a triplet cover of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T-x$$\end{document}$. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {T}^{-x}$$\end{document}$ is ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T-x$$\end{document}$)-shellable, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {T}$$\end{document}$ is *T*-shellable.Suppose that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {T}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {T}'$$\end{document}$ are triplet covers of some tree $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T \in B(X)$$\end{document}$ and that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {T}' \subseteq \mathcal {T}$$\end{document}$. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {T}'$$\end{document}$ is *T*-shellable, then so is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {T}$$\end{document}$.If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {T}$$\end{document}$ is a minimum triplet cover for a tree $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T \in B(X)$$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {T}$$\end{document}$ is *T*-shellable.

Proof {#FPar16}
-----
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Corollary 3 {#FPar17}
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Proof {#FPar18}
-----
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Example 1 {#FPar19}
---------
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Conclusion and open problems {#Sec9}
============================
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An interesting problem would be to investigate the structure of the cover graph for minimal triplet covers.

Our results also suggest further questions for future work.(i)There are formulae for counting the number of labeled 2-trees (Moon [@CR6]). Is there a formula for counting the number of minimum triplet covers for a given phylogenetic *X*-tree?(ii)We have shown that minimum triplet covers are shellable. It would be interesting to see how far this result extends. For example, is *every* triplet cover shellable? Understanding the structure of minimal triplet covers might help to shed light on this question.
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